The reader can easily see that expander graphs have this property when d = 1. Barany's Theorem [B] means that for every d, the d-dimensional complete complexes on n vertices (n → ∞) are geometric expanders, and Gromov [G] proved that the d-dimensional spherical buildings over finite fields F q (q → ∞) are also geometric expanders (see also [LMM] for a proof and generalizations). In [FGLNP] Fox, Gromov, Lafforgure, Naor and Pach showed that, at least when the residue field is large enough, the finite quotients of Bruhat-Tits buildings of typeÃ d are geometric expanders.
The goal of the current paper is to generalize this last result to other BruhatTits buildings. Here is our main result. Our proof follows essentially the main line of [FGLNP] . There are however two delicate issues, which require some explanations. To do so let us give a sketch of the proof: The complexes Γ\B may be considered as partite hypergraphs H = H(Γ\B) = (V 0 , . . . , V d , E ⊂ V i ). For a partite hypergraph H, we define its discrepancy Disc(H), to be a measure of the distance of H from a random partite hypergraph (see §2). The discrepancy can be bounded by the spectral gap of certain type-induced bipartite graphs B i , i = 0, . . . , d, of i-type vertices vs' i-cotype walls. Now the proof breaks down into two parts:
First, one need to show that the normalized second largest eigenvalue of the type-induced bipartite graphs B = B i is small. The original way in [FGLNP] was by interpreting the adjacency operator of the 2-walk of B in terms of Hecke operators of G = P GL d+1 (F ), then using a theorem due to Oh [Oh] , which is an explicit form of Kazhdan property (T) , to give bounds on the spectrum of these Hecke operators. The problem one is faced here is that for a general reductive group G, the bounds given by Oh's Theorem, on the Hecke operator of the 2-walk, is trivial. To overcome this obstacle, we consider longer walks on B, and by interpreting their adjacency operators as a convex sum of Hecke operators, we achieve a non-trivial bound on the spectrum of B.
Second, using a theorem of Pach [P] , one gets a non-trivial lower bound for geometric overlap property, assuming the discrepancy is sufficiently small. Some care is needed: Pach's Theorem is stated in [P] with the restriction |V 0 | = . . . = |V d | (which is not the case for our complexes). However Pach's result can be generalized with essentially the same proof also if one drops this equal size restriction.
Finally, while our proof follows the main line of [FGLNP] , we take the opportunity to present the proof in a more conceptual way -relating the geometric overlapping to the discrepancy and showing how the discrepancy is computed via induced bipartite graphs, following [EGL] .
Organization of the paper
In Section 2 we define the notion of discrepancy of a partite hypergraph, then we present Pach's Theorem [P] and draw from it an overlap criterion in terms of the discrepancy. Then we use a partite mixing lemma from [EGL] to bound the discrepancy by the normalized second largest eigenvalue of type-induced graphs. In Section 3 we collect some facts on the type-induced graphs of the Bruhat-Tits buildings and their finite quotients. In Section 4 we define the Hecke operators and through them describe the adjacency operator of the type-induced graphs. We then use Oh's Theorem [Oh] , to deduce bounds on the spectrum of the Hecke operators. After some careful computations, this will give us an effective bound on the spectral gap, which will imply the overlap property. Our notations will follow [EGL] .
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Discrepancy and Pach's Theorem
Let X be a d-dimensional pure simplicial complex equipped with a type function τ : X(0) → [d] which is one-to-one on each facet. Let H = H(X) be its associate (d + 1)-uniform (d + 1)-partite hypergraph, whose sets of vertices are
and its edges are the facets of X, E = X(d). For a (d + 1)-partite hypergraph H = (V 0 , . . . , V d , E) define its discrepancy:
where E(W 0 , . . . , W d ) is the set of edges in E with a vertex in each W i . Let us now present Pach's Theorem. As mentioned in the introduction, in Pach's original Theorem there is an additional restriction that all the point sets will be of the same size (i.e. |P 0 | = . . . = |P d |), however Pach's original proof works well without this assumption.
Theorem 2.1 (Pach's Theorem [P] ). There exist c d > 0 such that: for any disjoint point sets 
, let V i be the set of i-type vertices in H and denote 
So, if we could show that the discrepancy is sufficiently small for our complexes, we are done. Recall that in the graph case, the Mixing Lemma can be stated in the following way: The discrepancy of the graph G is at most the normalized second largest eigenvalue of G (see [EGL] Lemma 3.2 and Corollary 3.4). We will use a form of hypergraph Mixing Lemma, in order to bound the discrepancy by a spectral gap of some induced graphs. To this end let us first define these induced graphs.
Definition. For any
. Define a bipartite graph B i whose two sets of vertices are V i and W i , and there is an edge between v ∈ V i and F ∈ W i if F ∪ {v} ∈ X(d). We call B i the i-induced bipartite graph of vertices versus walls.
Say that X is type-regular, if for any I ⊆ J ⊆ [d] there is k I,J ∈ N such that each I-type face in X is contained in exactly k I,J faces of type J. Note that the Bruhat-Tits buildings are type-regular. Now, the hypergraph Mixing Lemma is as follows. 
So, in conclusion, showing that the spectral gap of the type-induced bipartite graphs of X is small, will imply the geometric expansion.
Bruhat-Tits buildings and their quotients
In this section we recall some properties concerning the Bruhat-Tits buildings and their quotients, and collect some facts on the combinatorics of their typeinduced bipartite graphs. For more on Bruhat-Tits buildings see [T] , and on buildings in general, [AB] .
Throughout this paper, by a reductive group G over a local field F , we mean that G is the F -rational points of a connected reductive linear algebraic group G defined over F , and F is a local non-archemidean field of residue degree q.
The Bruhat-Tits building B = B(G) associated to a reductive group G over a local field, is a simplicial complex equipped with a G-simplicial action. Below is a partial list of properties of the Bruhat-Tits building (see [T] ):
1. Simplicial structure. The building is a simplcial complex, along with a family of subcomplexes, called apartments. All the apartments are isomorphic to one another and each two simplicies in the building are contained in a common apartment. The builidng, and each of his apartments, are infinite, locally finite, connected, pure simplicial complexes, of dimension d := rank(G), equipped with a natural (d + 1)-type-function on the vertices.
2. Symmetry. The group G acts by aotumorphisms on the building, and if G 0 is the subgroup of type-preserving elements in G, then G 0 acts in a type-preserving strongly-transitively way on the building (see [AB, § 6] ).
3. Regularity. By property 2, the building and each of his apartments are type-regular (see previous section). Let W be the spherical (finite) Weyl subgroup of the underlying groupG (in particular W does not depends on F ). The regularity degrees in each apartment depends only on W , and not on q. In an apartment, each wall is contained in exactly 2 factes and each vertex is contained in at most |W | facets. In the building, each wall is contained in exactly q + 1 facets and each vertex is contained in at most q |W | facets.
4. Geometry. Each apartment is a tessellation of the Euclidean space R d , and it inherits the structure of a Euclidean metric space. The building is a complete CAT(0) metric space, in particular contractible. Each apartment is convex inside the building, i.e. if an apartment A contains both σ 1 and σ 2 then it contains any minimal gallery between them.
Definition. For any d ∈ N, define N d to be the maximal size of a finite Coxeter group of rank d (see [AB, §1.3 ] for a complete classification of such groups). Note that N d depends only on d and not on q.
Let v be a vertex in the building and A an apartment containing it. By property 3, the number of facets in the apartment A containing v is at most N d , and the number of facets in the building containing v is at most q
A finite quotient of the Bruhat-Tits building, is a quotient of the building modulo the action of a cocompact lattice Γ ≤ G, denoted Γ\B. If Γ ⊂ G 0 , i.e. it is type-preserving, then the quotient Γ\B inherits the type function coming from the building. We impose on B the graph metric of its 1-skeleton, and we define the injective radius of Γ to be r(Γ) = min x∈B(0),1 =γ∈Γ dist(γ.x, x). Note that in a ball of radius < r(Γ) 2 , the quotient Γ\B looks exactly like the building B. So, any local property of the building, holds for our quotients (assuming the injective radius is large enough).
Combinatorics of the type-induced bipartite graphs
Let us now collect some combinatorial facts on the type-induced bipartite graphs of the building, which we shall use in the next section.
Definition. Let i ∈ [d] be a fixed type, and let B = B i be the i-induced bipartite graph of vertices versus walls in the building B. Denote by dist B , the graph metric of B. Let n ∈ N.
A 2n-walk in B is a sequence (v 0 , v 1 , . . . , v n ) of i-type vertices such that for each i = 0, . . . , n − 1, dist B (v i , v i+1 ) = 2, and the distance of a 2n-walk,
In the above notations, we get. 
Proof. 1) By property 3 of the Bruhat-Tits building, each i-type vertex is adjacent to Q = Q(q, d, i) of i-cotype walls in B, and any i-cotype wall is adjacent to q + 1 of i-type vertices in B, i.e. B is (q + 1, Q)-biregular bipartite graph. Again from property 3, since each vertex is contained in some wall, Q ≥ q + 1, and since each wall is contained in some facet, Q ≤ q N d . Also, the building is a chamber complex, i.e. each two chambers are connected by a gallery (see [AB, § 4] ), hence B is connected.
2) Since (v, u) is a 2-backtracking, then there is a minimal path (w.r.t. the B-graph metric), from v 0 to v which passes through u. The B-graph metric is coarser then the Euclidean metric of B, hence there is a minimal gallery from (a facet containing) v 0 to (a facet containing) v which passes through (a facet containing) u. But A contains v 0 and v, hence by convexity of the apartment (property 4) it contains u.
3) Since (v, u) is a 1-backtracking, and σ is the separating wall, then dist
then there is a minimal gallery from v 0 to v which passes through σ, hence by convexity of the apartment (property 4) σ is contained in A.
there is a minimal gallery from v 0 to σ which passes through u, hence by convexity of the apartment (property 4) u is contained in A ′ . 4) By 1) there are Q · (q + 1) number of 2-walks starting from v. We start by counting how many of them are 2-backtracking. Fix an apartment A which contains both v and v 0 . By 2) any 2-backtracking starting from v, must be in A. By property 3, inside A, each vertex is contained in at most N d facets and each wall is contained in exactly 2 facets, hence in an apartment, the number of 2-walks starting from a given vertex is at most N d . Thus the portion of 2-backtracking (w.r.t. v 0 ) among all 2-walks starting from v is
. Now let us count the number of 1-backtracking. Let σ 1 , . . . , σ Q be the Q neighbors (which are i-cotype walls) of v in B i . Let A 1 , . . . , A Q be apartments, such that A t contains v 0 and σ t , and let A be an apartment containing v 0 and v. By 3) any 1-backtracking is either contained in one of the A t , or in A. We have shown already that each apartment contains at most N d number of 2-walks starting from v, hence the total number of 1-backtracking is at most (Q+1)·N d . I.e. the probability that a 2-walk starting from v, is a 1-backtracking is ≤
to be the number of 1-backtracking (resp. 2-backtracking) in P . Note that the distance of a 2n-walk, P , is equal to 2n − 2τ 1 (P ) − 4τ 2 (P ). So, denote α k,n the probability that a random 2n-walk P is of distance 2k, and consider a random 2n-walk P , as a sequence of n random 2-walks. Then by 4) we get
n , which finish the proof.
Next, we collect some properties on the building coming from the action of G on the building. Before stating these properties, we shall need the following remark.
Remark. Let G 0 be the group of type preserving elements in G, and recall (property 2) that G 0 acts transitively on same type simplicies in B. So, if K is the stabiliser of an i-type vertex v i , then we can identify the set of i-type vertices in B, with the K-cosets G 0 /K. Moreover, if Y ⊂ G 0 /K is the set of all i-type vertices whose distance from v i = eK is exactly 2k, and x = gK is any i-type vertex, then gY = gKY ⊂ G 0 /K is the set of all i-type vertices whose distance from x = gK is exactly 2k.
The following, Lemma describes the neighboring relation of the type-induced graphs of the building, in terms of the action of the group G. 
5) The size of Ω depends only on k and d = dim(B), but not on q.
Example. In the special case of P GL d , and k = 1, one can take Ω i,1 to be the singelton {diag(π, 1, . . . , 1, π −1 )} for any i.
Proof. We start by constructing Ω: Let V be the set of i-type vertices in A whose B i -distance from v i is exactly 2k. For each y ∈ V, pick a chamber C ′ y in A, which contains y, and let y sp be the special type vertex in C ′ y . Since v i and v sp are adjacent, y and y sp are adjacent, and v i and y are of distance 2k, then v sp and y sp are of distance ≥ 2k −2 and v sp and y are of distance ≥ 2k −1. If v sp and y sp are of distance ≥ 2k, define C y = C ′ y . otherwise, let C y be the chamber in A, adjacent to the chamber C ′ y along the wall which does not contain y sp (hence contains y). Then the distance between v sp and the special-type vertex of C y is ≥ 2k. Since G 0 acts transitively on chambers, for each y ∈ V, we can pick w y ∈ G 0 such that w y .C = C y , define Ω = {w y |y ∈ V}.
1) Since Ω ⊂ G 0 and G 0 preserves types, for each w = w y ∈ Ω, w.v i is the unique i-type vertex in w.C = C y , i.e. w.v i = y, so by the construction of Ω we get claim (1).
2) By claim (1) we got that Ω.v i is the set of all the i-type vertices in the apartment A whose B i -distance from v i is 2k. First, let us we show that KΩ.v i = KΩ.v i is the set of all the i-type vertices in the building whose B i -distance from v i is 2k. It will suffice to show that each i-type vertex in the building, y, whose B i -distance from v i is 2k, lies in the K-orbit of some vertex in A. For such y, pick an apartment A ′ containing both v i and y, and a type-preserving isomorphism φ : A ′ → A which fixes v i (such apartment and isomorphism always exists by the axioms of the building). Then by [AB, Proposition 6.6] , there is g ∈ G 0 such that for any
, and g.y = φ(y) ∈ A as required. Now, in terms of the identification of i-type vertices as K-cosets, KΩ.v i = KΩK, and by Remark 3.1, for any i-type vertex x = gK, gKΩK is the set of all the i-type vertices in the building whose B-distance from x is 2k.
3) Note that for any w ∈ G 0 , w.v sp is the unique special type vertex in w.C. Then by the construction of Ω, the distance between v sp and w.v sp , for any w ∈ Ω, is at least 2k, which proves claim (2). 4) First, note that if g = k 1 ak 2 ∈ K 0 Λ + K 0 = G 0 is the Cartan decomposition of g, then a.v sp is the unique special-type vertex in the apartment A = A(Λ) which is in the K 0 -orbit of g.v sp . Second, if z 1 , . . . , z d ∈ Λ + is a basis of simple weights in Λ + , then z t .v sp is of distance 2 from v sp , and α max (z t ) = π 2 , for any a.vsp,vsp) .
+ , then w.v sp = a.v sp and by claim (2) we get
which proves claim (4). 5) Finally, recall that the apartment A is locally finite, whose regularity degrees depends only on d (property 3). Hence |Ω| ≤ the number of chambers in a ball of radius 2k in A, i.e. |Ω| is finite and depends only on d and k.
Spectral gap and Oh's Theorem
The object of this section is to give a bound on the spectral gapλ of the typeinduced bipartite graphs of the finite quotient Γ\B of the building. This will be done by introducing the concept of Hecke operators, which will form a bridge between the representation data (L 2 (Γ\G)), and the combinatorial data (λ). Applying then Oh's Theorem will give us the needed bound.
Throughout this section Γ\B is a finite quotient of the Bruhat-Tits building, which inherit the type-function coming from the building, i.e. Γ ⊂ G 0 . Fix once and for all, a type i ∈ [d], B = B i the type-induced bipartite graph of i-vertices V = V i versus i-cotype walls W = W i .
distance adjacency operators
to be the normalize averaging operator on all the vertices of distance exactly 2k in the bipartite graph B, more explicitly
Call A k the normalize 2k-distance operator of B (starting from V ).
Proposition 4.1. If Γ is type-preserving of injective radius r(Γ) > 4n, for some n ∈ N, then
where · is the operator norm L Proof. Since B is bipartite, its normalized adjacency operator is a matrix of
. Now, T t T is the normalized adjacency operator of the 2-walk in B, starting from a vertex in V . Therefore, (T t T ) n is the normalized adjacency operator of the 2n-walk in B, starting from a vertex in V . So, by the definition of A k ,
where α k,n is the portion of 2n-walks which ends at distance exactly 2k, among all such 2n-walks, starting from some i-type vertex in the quotient (note that α k,n does not depends on the choice of the starting point since G 0 acts transitively on i-type vertices). By Lemma 3.1, in the building, α k,n ≤ (3N d ) n ·q k−n , and since we are dealing with walks of length ≤ 2n in Γ\B, and since r(Γ) > 4n, i.e. up to distance 2n the quotient looks exactly like the covering building, the same claim holds for the quotient.
Hecke operators
Let G 0 ≤ G be the type-preserving subgroup, and let K ≤ G 0 be the stabilizer of an i-type vertex. Recall that we can identify the set of i-type vertices in B with G 0 /K. For any w ∈ G 0 , define the normalize w-Hecke operator H w :
The action (from the left) of Γ ≤ G 0 on L 2 (G 0 /K) commutes with the action H w . Hence, H w can be thought of as a map H w :
The next claim gives an interpretation of the normalize 2k-distance operator in terms of Hecke operators.
Lemma 4.2. Let k ∈ N such that r(Γ) > 4k and let Ω = Ω i,k be as in Lemma 3.2. Then the normalized 2k-distance operator A k , of the i-induced bipartite graph of Γ\B, is a convex sum of w-Hecke operators over w ∈ Ω, in particular
Proof. Under the identification of i-type vertices in the building with cosets in G 0 /K, by Lemma 3.2 (2) we get that: For any i-type vertex gK in the building, the set of i-type vertices in the building of distance 2k (in B = B i ) from gK, is equal to gKΩK. Moreover, since r(Γ) > 4k, up to distance 2k the quotient Γ\B looks exactly like the covering building, so For any i-type vertex ΓgK ∈ V in quotient, the set of vertices in V of distance 2k from ΓgK, is equal to ΓgKΩK. Therefore, if we take Ω ′ ⊂ Ω a set of representatives of K\Ω/K, then
In particular,
Let us now consider the G-unitary representation (ρ, L 2 (Γ\G)), given by ρ(g)f (x) = f (xg) for g ∈ G and f ∈ L 2 (Γ\G). It turns out that the normalized Hecke operators on Γ\B are connected to the matrix coefficients of L 2 (Γ\G) in the following way: let us identify
, and then extend them by zeros to all of Γ\G. Take on Γ\G the G-invariant measure induced from the Haar measure µ of G with µ(K) = 1, which turn unit vectors in L 2 (V ) into unit vectors in L 2 (Γ\G). The following three lemmas appears in [EGL, § 4.2] . There it was specialized to the case G = P GL d (F ). However, the proofs there holds also in our more general setting.
Lemma 4.3. [EGL, Lemma 4.2 
Remark. Let G + ≤ G be the subgroup generated by unipotent elements. Let v be any fixed vertex. Then G 0 = G + ·K, where K is the stabilizer of v. Indeed, by the structure of reductive groups, G = G + · Λ, where Λ is any maximal split torus, and G 0 = G + ·(Λ ∩G 0 ). Let I ⊂ K be an Iwahori subgroup (= point-wise stabilizer of a facet containing v), and take Λ ≤ G to be a maximal torus, such that I has an Iwahori decomposition w.r.t. Λ, in particular Λ 0 := Λ ∩ G 0 ⊆ I.
The following Lemma follows immediately from [EGL, Lemma 4 .5] and the remark above.
From lemmas 4.3 and 4.4 we get,
Oh's Theorem
The following result by Oh [Oh] , gives a unified bound on the matrix coefficients of a unitary representation of a reductive group over a local field. 
Oh's Theorem gives the following uniform bound on the non-trivial spectrum of the w-Hecke operators, where w ∈ Ω (see Lemma 3.2). 
where N d is the maximal size of a spherical Coxeter group of rank d (see §3).
Proof. Let G be as before, K the stabilizer of an i-type vertex and K 0 the stabilizer of a special vertex. Consider the subrepresentation of L 2 (Γ\G), which is orthogonal to the G + -invariant part. Applying Theorem 4.6 for this representation, together with Corollary 4.5, for any strongly orthogonal system S, gives us
where Finally, let us take as our strongly orthogonal system the singleton S = {α max }, where α max is the highest root in Φ (G, Λ) . Then by Lemma 3.2 (4), the F -valuation of α max (a w ) is at least 2k, and the claim follows from the following Ξ-function formula for P GL 2 (F ) (see [Oh, Section 3.8 
Proofs
Let us now collect all the results from section 4, to get a bound on the spectral gap of type-induced bipartite graphs. Afterward, the proof of the main Theorem will follow. We are now able to prove Theorem 1.1.
Proof of Theorem 1.1. Let H be the corresponding partite hypergraph, of the finite quotient X = Γ\B. We will choose n = 2N d , and then by Proposition 2.3 and Theorem 4.8, we get Remark. By [BH] any reductive group over zero characteristic local field has cocompact arithmetic lattices, and by a standard argument they have finite index subgroups satisfying the assumption of Theorem 1.1.
